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The problem of the stability of the periodic motion of a non-linear periodic Hamiltonian system is considered in the case of
pure imaginary characteristic exponents which also satisfy several fourth-order resonance conditions. Conditions for stability
and instability are formulated based on terms of the third order inclusive. Some conclusions generalize results obtained previously
[1]. © 1999 Elsevier Science Ltd. All rights reserved.

Consider the problem of the stability of a stationary point of a Hamiltonian system of equations with
Hamiltonian H(x, y, t) = H, + H; + . . ., where H; are the Ith order forms in the variables x =
(1, ...,xy)andy = (4, . . ., yn) with coefficients which are periodic in ¢ with period ©. We will assume
that all characteristic exponents A, = i, of the linear part of the corresponding canonical system of
equations are pure imaginary and different, and in addition satisfy several simultaneous relationships
of internal fourth-order resonance

(p.Q)=2n0"'q; g=0,%1,42,... (1)

and there are no resonances of order less than four. Here p is an n-vector whose components are
relatively prime integers, not all simultaneously zero, |p; | +,..., +|py| =4and Q = | oy, ..., 0, ] is
the vector of characteristic exponents (1 <n < N)

The case of double resonance of the form (1) for autonomous systems was considered previously in
[1], where sufficient conditions were obtained for a model system (i.e. a system containing terms of
order up to and including three) to be stable.

The aim of this paper is to extend those results to periodic systems and to consider new types of
resonance that arise only in periodic systems. Throughout what follows it will be assumed that the form
H, has already been reduced to canonical form 2H, = @102 + Y+ ... +op@d + yk); as we know
[2], this is always possible.

We will first consider the case in which all resonances (1) are independent (that is, do not contain
common exponents). Suppose there are p resonance relations, each containing n, (v =1, ..., u)
exponents, so that

(P Q,)=2r007'q ; q,=0,£1,£2,.. (v=1,..,p) )
where p, =[Py +15- -5 b Q =| O, 415 - - » O, |; in these relations, ny = 0
m+..+n=n<N, m,=n+..+n, alp, h=1pp,  s1+....+1p, 1=4

We know [3-5] that in the case of a single resonance (1) the initial system may be reduced, by a
polynomial canonical transformation with periodic coefficients, to normal form in which there are no
terms of even order, while the terms of odd order do not contain the time ¢. The same result may be
achieved in the case of multiple resonance (2). In specially chosen polar coordinates 7, ; [5], the
normalized part (up to terms of the fourth order inclusive) of the Hamiltonian takes the form

2H = Zm ri+2H, 3)
j=l

Hy= Z A vy Ry cosy, + Z il R,,=I'Ir0{"=, Wy =2 Pefq
ij=
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where the subscript o in the sums and products takes all values from m,_; + 1 to m,, where m,_; =
n; +...+n,.

The normal form obtained here is identical with that presented previously [1] for p = 2. In addition,
representation (3) does not exclude the presence of “single-frequency” resonances (2) (i.. corresponding
to n, = 1), which are impossible in the autonomous case.

As in [1], we will call a resonance weak if, in the absence of other resonances, it does not cause the
model system to be unstable; otherwise, we will call it strong.

It is easy to prove the following theorem for the trivial solution of the model system corresponding
to Hamiltonian (3).

Theorem 1. If at least one of resonances (2) is strong, the trivial solution of the model system is unstable.

Suppose the resonance with v = y in (2) is strong. The, equating all 7; in the canonical system for the
Hamiltonian (3) to zero, except those for whichj = m,_; + 1,...,m,, we obtain a system of equations
describing a situation with one resonance, for which, by assumption, the trivial solution is unstable. Hence
it follows that the trivial solution of the entire initial system is also unstable.

The case in which all resonances are weak is more complicated. One must then make a distinction
between two types of weak resonance: A—weakness of a resonance due to changes of sign among the
components of the resonance vector p, (in that case, stability in any finite order [3]), and B—all
components of the resonance vector p, are of the same sign, and the weakness of each resonance is
due to the inequalities

LA KIS, 1 (v=lopwy; S, =(SAgpapy)/@yP). P, =Tipke

The subscripts o and B in the sums and products take all values from m,_; + 1 to m,, where m,_; =
n+...+n,4.

Theorem 2. Suppose there is no single-frequency resonance in the system and all resonances are weak
in sense A. Then the trivial solution of the model system corresponding to the Hamiltonian (3) is stable.
In that case the model system corresponding to Hamiltonian (3) has a sign definite integral

N
®=3 y,r,=const, Y, =const>0
i=1
Indeed, the requirement that the derivative @' should vanish identically along trajectories of the model
system implies the identity

. H
®=-2 ;l Av‘/iv‘sm ‘I’v(ZYupa) =0

which may hold only provided that Zy,p, = 0 (the subscript a takes all values from m,_; + 1 to m,,
v=1 ..., p.
The equations obtained for y, always have a strictly positive solution if there is a change of sign among
the numbers p,, and so @ is indeed a positive definite integral, proving that the model system is stable.
The case of weak resonances in sense B is more complicated.

Theorem 3. Suppose all p resonances in the system are weak and some of them are weak in sense B.
Then the trivial solution of the model system corresponding to the Hamiltonian (3) is stable if there
are no changes of sign among the quantities S; (i = 1,...,m) and g; = 0.

Without loss of generality, we will assume that the first k resonances are weak in sense A and all the
others in sense B. In that case the system has the following integrals

| N
0'—'2' ‘Y}r]+ 2 Y,'; (l=n,+...+nt)
j=

i=n+l

=y — S
Is =r my_| +1

(s=m,_+2,...m,,v=k+1,...,1) 4)

n N
H4 = Z Av\/Rv COSWV + ZIAij’;'rj

v=| ij=
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from which we construct another integral (summation over s is performed according to (4))
G=0*+3I!+H?

which is sign definite. Indeed, for r; =, = 0, 7, = pilp_, 417, +1, We have

2
bor
®=1,=0, H =2 3 3= [P(A,cosb, +S5,)

v=k+l Pmy_; +1

and hence, taking into account that the resonances are weak in sense B and that there are no changes
of sign among S,(v =k + 1,.. ., p), we verify that G is a positive definite function.

Corollary 1. Suppose all u resonances in the system are weak and only one of them is weak in sense
B. Then the trivial solution of the model system corresponding to Hamiltonian (3) is stable.

We will now consider the case of the interaction of resonances associated with one frequency. Suppose
there are u resonance relations, each containing n,(v = 1, . .., n) exponents, so that

Py@o +(p,.Q2,)=2n0""q,; g¢,=0,£L£2,... (v=1,...,) (5)

where p, =|pp, 415+ - s P, b & =1, 415 - - - Oy, |5 it is assumed here thatng=0,n, + ... +n,=n
SsNm,=n+...+n,and |p¥ |+ || p,il= 4

In specially chosen polar coordinates 7;, ; [5], the normalized part (up to terms of fourth order
inclusive) of the Hamiltonian takes the same form as (3)

N
2H=3 o,r;+2H, (6)

j=1

H. = = N 1Pvlry 1P .
‘—VEI AyR, COSWV'*'_E‘AM’;' Ry =ry " TIR®, WYy =py6g + X pa6,

This normal form is identical with that presented previously [1] for p = 2.

It can be verified that Theorem 1 holds for the trivial solution of a model system corresponding to
Hamiltonian (6).

If there is interaction of weak resonances that contain one common frequency, the situation turns
out to be more complicated than in the case of independent resonances. In that case the sufficient
conditions for stability yield the following theorems.

Theorem 4. Suppose all resonances are weak in sense A. Then the trivial solution of the model system
corresponding to Hamiltonian (6) is stable.
The proof is again based on the existence of a sign definite integral

N
® =Y y,;; =const
i=0

where y; are positive constants. Indeed, the requirement that the derivative @' should vanish identically
implies the identity

. "
o= —ZEI Av\/’RTSin q‘v(ZYupa +'YoP;) =0

which may hold only provided that Z y,p, + yop* = 0 (the subscript a takes all values fromm,.; + 1
tom,;+m,v=1...,n.

These equations for vy, always have a strictly positive solution if there is a change of sign among the
numbers p,, p, and therefore @ is indeed a positive definite integral, proving that the model system
is stable.

The case in which the resonances are weak in sense B is more complicated.

Let

SYV =;§ C,lp,p_, (j=m7_, +l,....m,,i=mv_, +l.....mv)
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Theorem 5. Suppose all p resonances in the system are weak and some of them are weak in sense B.
Then the trivial solution of the model system corresponding to Hamiltonian (6) is stable if there is no
change of sign among the quantities S;, S; ¢ = 1,...,pu-k,j =1,..., p—k), but there is a change
of sign among the components of the resonance vector p, corresponding to weak resonance in sense
A,andg; = 0.

Without loss of generality, we will assume that the first k resonances are weak in sense A and the
others in sense B. The system will have the following integrals

! N
¢=Z'YS':t+ ) Yih (l="|+~--+nk)
=

i=n+l

] ,

lj=r——1 Tmgavt =My +2,.m v=k+1,...,1) (7
pmv_|+l

fj=r-—Pr -—Hr =l kvek+l. )
P, +1 Pmy_ +1

1] N
H,= 21 A /R, cosy, + %‘,IA‘mrﬂrﬁ
v= op=

from which we construct the following integral (summation over the subscripts s and j is performed in
accordance with (7))
_md 4 4 2
G=0"+3 1/ +331;+H;

which is sign definite. Indeed, if

— - — - *
=05=0, =pi/Ppn,  silmy st B0 =Pj!Pn, 1la, 4
we have
®=i;=1,=0

2
B r [ L I,
Hy= 5 |2-5= [Pi(A,cos8, +5,)+ 3 —ttlmeart g
v=k+1 Pm‘,_,+| (V=:+)| p"'u—l""p'"v—l"'l
v#Y

and hence, taking into account that the resonances are weak in sense B and that there are no changes
of signamong S,,S,, (v =k +1,...,u,v=k+1,..., n), we verify that G is a positive definite function.

Corollary 2. Suppose all p resonances in the system are weak in sense B. Then the trivial solution of
the model system corresponding to Hamiltonian (6) is stable if there is no change of sign among the
quantities §;, S; i=1,...,n,j=1,...,n)and g, = 0.

Consider the case in which the common component of a multiple resonance is a single-frequency
resonance. Then the following theorem is true.

Theorem 6. If a single-frequency resonance is weak, all other resonances are weak in sense B and
there is a change of sign among the components of the resonance vector p, corresponding to weak
resonance in sense A, then the trivial solution of the model system is stable.

Note that the system has integrals

! N
d,:z Yo + Z Yifi (l='1|+...+n,‘)

s=1 i=n+l

lj=ri—ryp - Doy +1

pmv_,+l (8)
G=myy+2,,m, v=k+1,... .1, fog = ~4Agrs cos(40, — §p))

[ N 2
H4 = Z AV'\'RV cosy, + Z AaBr“rB +A0r0 Sin(490 ’(po)
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from which we can construct the following integral (summation over the subscript j is performed in
accordance with (8))

G=0'+31 +H}
which is sign definite. Indeed, if r, = r; = 0, rg = rg, we have
®=1,=0, H,=rj(Asin(48y—@g)+Cyy)

and hence, taking into account that the single-frequency resonance is weak (i.e. Coo > Ay), we verify
that G is a positive definite function.
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